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CALCULATION OF THE TEMPERATURE FIELD OF A ZONE-REFINED SILI- 
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UDC 621. 785.  i 

A problem closely approximating the actual physical conditions of 
the silicon zone refining process is formuiated mathematically. 
Certain calculation results are presented. These are compared with 
experimental data on the principal characteristics of the process. 

In zone refining, the temperature distribution in 
the rod controls the most important characteristics 
of the refining process itself and predetermines the 
properties of the single crystal produced. The dis- 
tribution of electrical properties over the crystal 
cross section depends on the configuration of the crys- 
tallization front. The temperature gradients in the 
rod near the crystallization front are associated with 
the conditions of dislocation growth. Moreover, the 
relative position and configuration of the crystalliza- 
tion and fusion fronts determine the zone height nec- 

essary to melt through the rod, etc. 
This paper presents a method and certain results 

of solving the three-dimensional problem of heat con- 
duction with allowance for the heat of crystallization 

using the closest possible approximation of the bound- 

ary conditions to the actual characteristics of induction 

zone refining. We chose silicon as our experimental 

material because of its commercial importance. 

The object of the calculations is to construct the 

temperature field under various melting conditions 

and determine the effect of the zone refining conditions 

on the more important characteristics of the process. 

Special aitention is given to the determination of the 

shape of the crystallization and fusion fronts and to the 

determination of the temperature in the part of the 

s o l i d  r o d  w h e r e  t he  s i l i c o n  i s  p l a s t i c  ( t e m p e r a t u r e  

r e g i o n  a b o v e  900 ~ C). 

U n d e r  t h e  i n i t i a l  c o n d i t i o n s  of the  p r o b l e m ,  t he  s i t -  

i c o n  r o d  i s  a s s u m c d  to b e  an  i n f i n i t e l y  l ong ,  s t r a i g h t ,  

c i r c u l a r  c y l i n d e r  of r a d i u s  R m o v i n g  a t  c o n s t a n t  r e -  

F i g .  2. M e l t i n g  z o n e s  a t  v a r i o u s  

h e a t i n g  p o w e r s .  R = 1 . 5  c m ,  v = 

= 0. E x p e r i m e n t a l  d a t a .  

locity v. The integral radiation factor a, the specific 

heat c, and the density p are assumed constant and 

independent of the temperature and state of aggrega- 

tion of the silicon. The thermal eonductivities of the 

solid ks and liquid h I phases are also assumed con- 
stant. 

In w h a t  f o l l o w s  : 

1) T h e  t e m p e r a t u r e  d i s t r i b u t i o n  i n  t h e  r o d  i s  d e -  
s c r i b e d  by  t he  h e a t - c o n d u c t i o n  e q u a t i o n ,  a c e r t a i n  

e f f e c t i v e  t h e r m a l  c o n d u c t i v i t y  k 1 b e i n g  g i v e n  i n  t h e  

l i q u i d  p h a s e .  T h e  c h o i c e  of t h i s  c o e f f i c i e n t  m a k e s  i t  

p o s s i b l e  to t a k e  i n t o  a c c o u n t  to s o m e  e x t e n t  c o n v e c t i v e  
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F i g .  1. S t e a d y - s t a t e  f u s i o n  and  c r y s t a l l i z a t i o n  i s o t h e r m s  
f o r  R = 1 c m ,  P = 850 W a t  v a r i o u s  v e l o c i t i e s  v.  T h e o -  
r e t i c a l  d a t a :  1) v = 0; k = 1; 2a)  v = 5 r a m / r a i n ;  k = 1; 2b) 

v = 5 m m / m i n ;  k = 100;  3) v = 10 m m / m i n ;  k = 1. 
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mix ing  in the l iquid  phase .  Le t  T (~, ~, t )  be the t e m -  
p e r a t u r e  of the rod  at  the point  (f', if) at t ime  ~. Then 
in the moving  coo rd ina t e  s y s t e m  (5, 5 ) t i e d  to the 

[L(T)gradTlrr=~fS denotes  the jump in the quant i ty  
+ 

MT) g r a d  T on c r o s s i n g  the s u r f a c e  T = Tf. 
To Eqs.  (1)-(4)  we m u s t  add the condi t ions  

f - 

/ 
o 

x - -  2 

5 /o v 

F ig .  3. Effect  of zone v e l o c i t y  
v ( m m / m i n )  on d i s p l a c e m e n t  l 
of the  zone (mm) r e l a t i v e  to 
the  induc to r :  1) c a l c u l a t i o n  
da te  fo r  X 1/k s = 1; 2) the s a m e  
f o r  X1/X s = 100; 3) e x p e r i m e n -  

t a l  da ta .  

moving  rod  the h e a t - c o n d u c t i o n  equat ion  fo r  a c y l i n d e r  
of r a d i u s  R i s  w r i t t e n  as  

~,(T) [ O~T 1 aT a2r ] aT 
I 07 ~+T  ~/-+-a-~/=cP o r '  

?-> 0; O < r < R ;  - - ~  < z < = o ,  

L(T) =/;~s, T < T t ,  
t~l , T > Tf. 

(1) 

2) A s s u m i n g  r a d i a t i o n  a c c o r d i n g  to the S t e f a n -  
Bo l t zmann  law and s u r f a c e  p o w e r  s o u r c e s  c r e a t e d  by 
a s t a t i o n a r y  induc to r ,  we w r i t e  the condi t ions  at the 
s u r f a c e  of the r o d  as  

- - x ( r )  0r_ = o r , _ q ~ ( ~ + v ? )  (2) 
Or 

a t e =  R. 
3) In a c c o r d a n c e  with the t h e o r y  and p r a c t i c e  of 

induct ion  hea t ing  [1], the p o w e r  s o u r c e s  4~ a r e  a s -  
s u m e d  to be d i s t r i b u t e d  ove r  the s u r f a c e  wi th  d e ns i t y  

P 
r  x 

2 n R  

arctg s + 0.5 a arctg s - -  0.5 a ]~" 
d d ] 

x (3) 

f ( a r c t g ,  s+O'5a  --arctg s - -O'5a ) 2 d S d  d 

- - z o  

4) The l i b e r a t i o n  and abso rp t i on  of the hea t  of phase  
t r a n s i t i o n  at  the s o l i d - l i q u i d  phase  i n t e r f a c e  a r e  d e -  
s c r i b e d  by the Stefan condi t ion  

aq) 
TI r -  ; grad ~p) -- O, (4) ~/p ~ "4- ([7~ (T) grad r=r 

T~Tf + 

Y i s  the s p e c i f i c  l a t en t  hea t  of c r y s t a l l i z a t i o n ;  q)(Y,, g, T) = 
= 0 i s  the s u r f a c e  equat ion  of the i s o t h e r m  T = Ts; 

T(r, z, t) is  bounded at r = 0  

OT 
- o  a s  I-il ~ .  

o z  
(5) 

We in t roduce  the f ixed  coo rd ina t e  s y s t e m  (~, ,~) t ied  
to the s t a t i o n a r y  induc to r :  

r = r ;  x = z + v t .  

In addi t ion ,  we in t roduce  the fo l lowing d i m e n s i o n -  
l e s s  quan t i t i e s :  

r =  - -  

r z x x,:t 
R ' z =  R '  x = - ~ ,  t =  R~ ; c9 

c o p  
ix.= ~ v; x ~ z + ix t; 

k~ 

1 T -  Tf . k (u) = } 1, u 4: 0, 

u =  k(u-~ Tf--T o' /Z~ ,  u>0 .  
[ ;q 

We a l so  a s s u m e  that  the r o d  is  not in f in i t e ly  long 
but  bounded by the c o o r d i n a t e s  x = - B ,  x = B. 

Then condi t ions  (1)-(5)  r e d u c e  to the fo l lowing 
d i m e n s i o n l e s s  f o r m  

02u _f 1 Ou 02u c(u) ('ix c)u _~f ) 
Or 2 r Or + Ox 2 -~x + Ou 

I6) 

ou (7) 
Or 

Ou 
- - = 0  at I x l = B ,  (8) 
Ox 

u i s  bounded at  r = 0. 
He re  

R ; ~ o R (Tr --T0)a ' 61=. Tf 
;~s (Tf --To) Ls Tf --~T-o" 

Equat ion  (6) has  been w r i t t e n  in a f o r m  su i t ab le  f o r  
app l i ca t ion  of the  , t h r o u g h  c a l c u l a t i on"  method  d e -  
s c r i b e d  in [2]. In th i s  e a s e  on the r i g h t  s ide  of Eq. (6) 
t h e r e  a p p e a r s  the t e r m  

t > 0 ;  0 < r < l ;  - - B < x < B ,  

-- acI:) (Rx) - -  Ig lk (u) u + 61] ~ at r = 1, 

Oa (u) On(u) + tt - -  
Ot Ox 

with the d i scon t inuous  coe f f i c i en t  a(u) r e s u l t i n g  f r o m  
the Stefan condi t ion  (4). Smooth ing  of the coe f f i c i en t  
a(u) by the me thod  p r o p o s e d  by Ole in ik  [3] l e a d s  to the 
fo l lowing  va lue  of the coef f i c ien t  c(u): 

I 12b~_ ( u < L ,  
4 0 . 5  1 +  ) ~ ] ,  [ u I < L ,  

c (u) = ~ 1 } (9) 
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H e r e ,  b = yc -~ (Tf  - To) -~ and L is  a s m a l l  n u m b e r  
wh ich  m a y  be a r b i t r a r i l y  s e l e c t e d .  The  c h o i c e  of L 
d e p e n d s  on the  a c c u r a c y  of a p p r o x i m a t i o n  of the  S te rna  

c o n d i t i o n  at the p h a s e  i n t e r f a c e .  

A l though  we a r e  i n t e r e s t e d  on ly  in the s t a t i o n a r y  
t e m p e r a t u r e  d i s t r i b u t i o n  u ( r ,  x) ,  we w i l l  d e l i b e r a t e l y  

r e t a i n  the  t e r m  wi th  Ou/Ot in Eq.  (6). 
B e l o w  we m a k e  u s e  of the m e t h o d  of s o l v i n g  a s t a -  

t i o n a r y  p r o b l e m  by s o l v i n g  the  c o r r e s p o n d i n g  n o n s t a -  
t i o n a r y  p r o b l e m ,  in th i s  c a s e  (6 ) - (8 ) ,  un t i l  a s t e a d y  
s t a t e  i s  r e a c h e d .  F o r  th i s  p u r p o s e  we e m p l o y  one  of 

the  e c o n o m i c a l  v a r i a b l e - d i r e c t i o n  f i n i t e - d i f f e r e n c e  
s c h e m e s  u s i n g  o n e - d i m e n s i o n a l  p ivo t s  in e a c h  d i r e c -  
t ion .  We i n t r o d u c e  the d i f f e r e n c e  ne t  wi th  s p a c e  nodes  

at  the p o i n t s  (xi, r j )  and t i m e  nodes  at the  p o i n t s  tk, 

w h e r e i =  0, 1, 2 , . . . ,  M ; x  0 = - B ,  x M = B ; j  = 0, 1, 

2, . . . ,  N; ro = 0, r N = 1; k =  0, 1, 2, . . . ;  t o = 0. 

We r e p l a c e  Eq.  (6) by i t s  f i n i t e - d i f f e r e n c e  e q u i v a -  

l en t ,  u s i n g  a s c h e m e  s i m i l a r  to tha t  p r o p o s e d  in [4]: 

1 ! 
'" / ~,_:_ _L 2 u ~+ ~- 2 u k: ~- 

c~) i u i /  2 u/!.'}= i+li i - l i  
~,  " /  hi + ~ (hi + hi+~) + ' h~ (hf + hi+l) 

1 

- h ; h : / , - -  h,.Vh,--j + 

1 
- -  i i + ~  )§ 

1 
(10) 

I 
C k--  -~- 

i] 

Tk  
1~ !- ~-) 1 r _ 2 u k+~ - -  tl/el? l - - l g i ]  g 2  ~-'i]--I i] 

k i . 1 kr l 

1 
2 u k+ 5- 

i+U 
&+l (& + &+~) + 

1 
2 u i~-: Y 

+ i - - l /  

hi (h i§  -t- hi) 

I I 

ii (i0 i) 

H e r e ,  u k = u(x i ,  r j ,  tk);  c i ~ =  c ( u k ) ;  h i =  x i - x i _ l ;  

gj = r j  - r j _ l ;  Zk = tk  - t k - 1 -  
We f i r s t  c a l c u l a t e  v a l u e s  of the  f u n c t i o n  u~+t. i/2 oa  

the  h a l f - s t e p ,  and then  v a l u e s  of the  f u n c t i o n  ui  k + i 
on  the  fu l l  s t ep .  In t h i s  c a s e  on the h a f t - s t e p  the  d e -  
r i v a t i v e s  wi th  r e s p e c t  to x a r e  i m p l i c i t l y ,  and the  d e -  
r i v a t i v e s  wi th  r e s p e c t  to r e x p l i c i t l y ,  a p p r o x i m a t e d ;  
c o n v e r s e l y ,  on  the  f u l l  s t e p  the  d e r i v a t i v e s  w i t h  r e -  
s p e c t  to  x a r e  e x p l i c i t l y ,  and t h o s e  wi th  r e s p e c t  to  r 
i m p l i c i t l y ,  a p p r o x i m a t e d .  

T h i s  m a k e s  i t  p o s s i b l e  to u s e  o n e - d i m e n s i o n a l  
p i v o t  f o r m u l a s  at  e a c h  h a l f - s t e p  and s t e p  [5]. B o u n d a r y  
c o n d i t i o n  (7) at  the  s u r f a c e  r = 1 i s  a p p r o x i m a t e d  as  
f o l l o w s :  

- -  - - ~ t N _ _ . l z -  g 

- -  ~ t[/g '(lgkiN! ] lgle--liN "J~ (~1] [h  (U~-eN) Ut-kN "-]- 61] 3 . (n) 

On the  ax i s  of the  r o d  r = 0 we  i m p o s e  the  r e q u i r e -  

m e n t  lira 0u_u = 0,  so  tha t  
r~O Ol" 

1 O u  O~u 
lim 
r~o r Or Or 2 

With th i s  r e m a r k  in  m i n d ,  we  a p p r o x i m a t e  Eq.  (6) 
on the  l i ne  r = 0 in  the  u s u a l  way.  A to t a l  of 80 nodes  

w a s  t aken  o v e r  the  e n t i r e  i n t e r v a l  of v a r i a t i o n  of x :  

- B  < x < B. The  s t e p s  h i w e r e  v a r i e d  o v e r  the  to t a l  
n u m b e r  of nodes .  T h i s  m a d e  i t  p o s s i b l e  to s e l e c t  the  
p a r a m e t e r  B so  tha t  the  r e s t r i c t i o n  on the  l e n g t h  of 

the  r o d  d id  not  l e a d  to a s e r i o u s  d i s t o r t i o n  of the i s o -  

t h e r m  p r o f i l e  in the  r e g i o n  a f f e c t e d  by the  i n d u c t o r .  

In the f i na l  a n a l y s i s  the  i n t e r v a l  of v a r i a t i o n  of  x f r o m  
- 1 3 . 5  to + 1 3 . 5  w a s  d i v i d e d  by p o i n t s  as  f o l l o w s :  

h 0 = h i  . . . .  ~ h ~  = 1.0, 

h6 = h7 = ... = h15 = 0.5, 

hl~ = h~7 . . . . .  h21 = 1/6, 

h22 = h2.~ . . . .  = h~7 -- 1/12, 

h58 = h~9 = ... = h~3 = 1/6, 

h64 = h65 . . . . .  //73 ~ 0.5, 

hv~ = h~5 . . . .  = h79 = 1 . 0 .  

The  s t e p  wi th  r e s p e c t  to r w a s  a s s u m e d  c o n s t a n t ,  
g = 1 /12 .  In a p p r o x i m a t i n g  the  S t e f an  c o n d i t i o n  ( ex -  
p r e s s i o n  f o r  the c o e f f i c i e n t  c(u)) we  v a r i e d  the  p a r a -  

m e t e r  L. In the  f i n a l  a n a l y s i s  we  took  L = 0. 0125. 

F o r  an  o p t i m u m  c h o i c e  of t i m e  s t e p s  T k the  m a c h i n e  
t i m e  r e q u i r e d  to c a l c u l a t e  one  v a r i a n t  of the  p r o b l e m  

w a s  8 0 - 9 0  ra in  ( B E S M - 2 M  c o m p u t e r ) .  
In c a r r y i n g  out  the  c o m p u t a t i o n s  i t  w a s  a s s u m e d  

tha t  the  s t e a d y  s t a t e  had  b e e n  r e a c h e d  w h e n  the  m a x i -  

m u m  d i f f e r e n c e  in the  v a l u e s  of u in two s u c c e s s i v e  
t i m e  s t e p s  d id  not  e x c e e d  0 .00001 .  In o r d e r  to f ind  
the  s h a p e  of the  z e r o  i s o t h e r m  ( fus ion  and c r y s t a l l i z a -  

t ion  i s o t h e r m s )  we  c a r r i e d  out  l i n e a r  i n t e r p o l a t i o n  
b e t w e e n  two a d j a c e n t  n o d e s  of the  net .  T h i s  i n t r o d u c e d  
an a d d i t i o n a l  e r r o r  in  d e t e r m i n i n g  the  i s o t h e r m s .  

We p r e s e n t  the  r e s u l t s  of the  c a l c u l a t i o n s  f o r  s e v -  
e r a l  v a r i a n t s .  The  c a l c u l a t i o n s  w e r e  m a d e  f o r  a s i l i -  

con  rod .  The  c o m m o n  v a l u e s  of the  p a r a m e t e r s  w e r e  
as  f o l l o w s : a = 0 . 4 o 1 0  - 2 r e ; d = 0 . 5 - 1 0  - 2 m ; X  s =  

= 30 W / m  - deg ;  e = 960 W.  s e e / k g ,  deg ;  p = 2300 
kg/m3;  T = 1 .8  J / k g ;  % = 3 . 1 2 "  10 -8 J / m  2. d e g  4. s e e ;  

Tf  = 1420 ~ C; T o = 20~ 
F i g u r e  1 s h o w s  the  i s o t h e r m s  u = 0 found  f o r  the  

v a r i a n t  R = 0 . 0 1  m ,  P = 850 W at d i f f e r e n t  v e l o c i t i e s  
v (v = 0, 0.83 �9 10 -4 , and 1 .67  �9 10 -4 m / s e c ) .  

The  f i g u r e  s h o w s  the  q u a l i t a t i v e  v a r i a t i o n  of  t he  
f u s i o n  r e g i o n  and the  z o n e  h e i g h t  at  the  s u r f a c e  of the  
r o d  a s  the  v e l o c i t y  v c h a n g e s .  A t  v = 0 . 8 3  �9 10 -4 m / s e e  

the  i s o t h e r m s  a r e  g i v e n  f o r  k = X1/X s = 1 and f o r  k = 
= 100. V a r i a t i o n  of the  t h e r m a l  c o n d u c t i v i t y  in the  l i q -  
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uid  phase  i s  s een  to have a s t r o n g  inf luence  on the p o -  
s i t ion  of the i s o t h e r m .  

The ca l cu l a t ed  r e s u l t s  we re  checked  e x p e r i m e n t a l l y .  
In a f i r s t  s e r i e s  of e x p e r i m e n t s  we i n v e s t i g a t e d  the 
r e l a t i o n s h i p  be tween  the zone he igh t  and the c o n f i g u r a -  
t ion of the i s o t h e r m a l  s u r f a c e s  fo r  a s t a t i o n a r y  zone.  

The check  depended  upon d e t e r m i n a t i o n  of the c o n -  
f i g u r a t i o n s  of the c r y s t a l l i z a t i o n  and fus ion  s u r f a c e s  
which w e r e  e s t a b l i s h e d  by blowing off the me l t  with a 
power fu l  gas  j e t  and s i m u l t a n e o u s l y  swi tch ing  off the 
m e l t i ng  g e n e r a t o r .  Mel t ing  was  c a r r i e d  out in a i r  a f t e r  
f i r s t  d e t e r m i n i n g  that  th i s  would have  only a s l igh t  e f -  
fec t  on the r e s u l t s  as  c o m p a r e d  with v a c u u m  condi t ions .  
The e x p e r i m e n t s  w e r e  p e r f o r m e d  on r o d s  of t e c h n i c a l  
s i l i con  0 .03  m in d i a m e t e r  and 0 .2  m long. The m o l -  
ten zone was  c r e a t e d  in the midd le  of the r o d  which 
e l i m i n a t e d  the d i s t o r t i n g  inf luence  of hea t  f low into the 
end g r i p s .  T h e r e  was  no d i s p l a c e m e n t  of the zone 
along the rod .  

The r e s u l t s  ob ta ined  a r e  p r e s e n t e d  in F ig .  2. A p -  
p r o x i m a t e l y  p lane  fus ion  s u r f a c e s  w e r e  ob ta ined  at  the 
s a m e  zone he igh t  as  d e t e r m i n e d  t h e o r e t i c a l l y  f o r  v = 

: 0 .  

In th is  connect ion ,  howeve r ,  i t  i s  not c o r r e c t  to 
s p e a k  of to ta l  s i m i l a r i t y  of the t e m p e r a t u r e  f i e ld s  o b -  
t a ined  by ca l cu l a t i on  and e x p e r i m e n t .  F o r  e x a m p l e ,  
in the t h e o r y  the d i r e c t i o n a l  d i s p l a c e m e n t  of p a r t i c l e s  
of l iquid  s i l i con  o b s e r v e d  under  ac tua l  zone r e f in ing  
condi t ions  was  not t aken  into account .  

In the s econd  s e r i e s  of e x p e r i m e n t s  we i n v e s t i g a t e d  
the ef fec t  of the l a t en t  hea t  of fusion,  a s s o c i a t e d  with 
mot ion  of the zone,  and the spec i f i c  hea t  on the d i s -  
p l a c e m e n t  of the zone r e l a t i v e  to the induc to r .  

By the d i s p l a c e m e n t  l we u n d e r s t a n d  the d i s p l a c e -  
men t  of the midd l e  of the mo l t en  zone on the s u r f a c e  
r e l a t i v e  to the p o s i t i o n  of the induc to r .  

The e x p e r i m e n t s  w e r e  c a r r i e d  out in a vacuum.  The 
d i s p l a c e m e n t  was  d e t e r m i n e d  by p r o j e c t i n g  an e n l a r g e d  
i m a g e  of the zone on a s c r e e n .  The r e s u l t s  of the e x -  
p e r i m e n t s  a r e  p r e s e n t e d  in F ig .  3. 

A c o m p a r i s o n  of t h e o r y  and e x p e r i m e n t  a l so  shows that  
c a l c u l a t i o n s  at  X1/k s = 100 g ive  much b e t t e r  a g r e e m e n t  
with e x p e r i m e n t .  

In conc lus ion ,  i t  m a y  be s t a t ed  that  the e x p e r i m e n -  
t a l  v e r i f i c a t i o n  of the ca l cu l a t i ons  c o n f i r m s  the p o s s i -  
b i l i t y  of t h e o r e t i c a l l y  p r e d i c t i n g  the shape  of the fus ion  

i s o t h e r m s  and o t h e r  qua l i t a t ive  c h a r a c t e r i s t i c s  of the 
zone r e f in ing  p r o c e s s  as  a funct ion of the p r o c e s s  p a -  
r a m e t e r s .  

On the b a s i s  of a t h e o r e t i c a l  so lu t ion  of the zone 
r e f in ing  p r o b l e m  it  i s  p o s s i b l e  to so lve  the p r o b l e m  of 
the  o p t i m a l  cho ice  of p r o c e s s  p a r a m e t e r s  (P, v) g iv ing  
the b e s t  qua l i t a t ive  c h a r a c t e r i s t i c s  (for e x a m p l e ,  
cho ice  of the p o w e r  P giving the f l a t t e s t  c r y s t a l l i z a t i o n  
f ront) ;  

Work  of th is  na tu r e  i s  now be ing  c a r r i e d  out at  the 
A l l - U n i o n  Sc ien t i f i c  R e s e a r c h  Ins t i tu te  of H i g h - F r e -  
quency C u r r e n t s  in c o l l a b o r a t i o n  with  the C o m p u t e r  
C e n t e r  of the La tv i an  Sta te  U n i v e r s i t y  and wi l l  be the 
sub jec t  of a subsequen t  communica t ion .  

NOTATION 

Here  R i s  the  r a d i u s  of the  rod ;  v i s  the v e l o c i t y  of 
the r o d ;  o- i s  the  i n t e g r a l  r a d i a t i o n  f a c t o r ;  c i s  the 
spec i f i c  heat ;  p i s  the dens i ty ;  X s and kl a r e  the t h e r -  
m a l  conduc t iv i t i e s  of the so l id  and l iquid  p h a s e s ,  r e -  
s p e c t i v e l y ;  T i s t h e  t e m p e r a t u r e ;  Tf i s  the m e l t i n g  
(fusion) po in t  of the r o d  m a t e r i a l ;  T O i s  the ambien t  
t e m p e r a t u r e ;  7 i s  the  s p e c i f i c  l a t en t  hea t  of c r y s t a l -  
l i za t ion ;  P is  the to ta l  p o w e r  of the induc to r ,  a i s  the  
width  of the i nduc to r ;  d i s  the gap be tween  the i n d u c -  
t o r  and the rod .  
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